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2. Model

We define each consumer’s demand as follows.

demand = {q1_,_a‘P1-a)'+P2)’, qz_)_a—pZ—a7+p17}
b (_1"'7) b (—1+7)
{qle_afplfm“phf qzﬁ_a*PZfaywly}
b(-1+v) b (-1+v)

Since 8 consumers watching the advertising, demands for the retailers are

{6ql, ©6q2} /. demand;
Demand = {Q1 » %[[1]], Q2 » %[[2]]1}

(a—pl—ay+p2y)e (a—p2—ay+p1y)9

faa-- iy %7 ey J

Consumer surplus is

(-p12-p22+2a% (-1+y) -2a (pl+p2) (-1+¥) +2plp2y) 6
2b (-1+7)

(-p12-p22+2a? (-1+y) -2a (pl+p2) (-1+y) +2plp2y) O
2b (-1+v)

CS =

The profits of retailers are
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7l = (pl-w)Q1;
72 = (p2-w) Q2;

The profit of manufacturer is
M= (w-c) (Q1+Q2) - (ker2);
The producer and total surpluses are

PS = 71 + 712 + 7iM;
TS =CS +PS;

3. Analysis

Stage 4: simultaneous pricing

First, we consider the case with simultaneous pricing.
From the first-order condition, we obtain pZin (1).

{m1, n2};
% /. Demand;
Solve]|

{D[%[[111, p1] =0, D[%[[2]], p2] == @}, {p1, p2}
1 // Flatten;

OutcomepB = %

a+w-a a+w-a
I
-2+Y -2+Y

Stage 4: sequential pricing

Next, we consider the case with sequential pricing.
From the first-order condition, we obtain the best response for the pf(p*) in (2):

n2;

% /. Demand;

Solve[D[%, p2] == @, p2] // Flatten;
OutcomepF = %;

% /. {pl->pL}

{p2 - % (a+w-ay+ply)}

Then, the leader chooses the price p* in (3):
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7il;

% /. Demand;

% /. OutcomepF;

Solve[D[%, p1] == @, pl] // Flatten // Simplify;

OutcomepL = %
w <727Y+y2) +a (—2+7{+y2>
2 (-2+v?)

J

{ple

Stage 3

Proof of Lemma 1l

Under simultaneous pricing in the retail market, the manufacturer chooses the following wholesale
price.

7iM;

% /. Demand;

% /. OutcomepB;
Solve[D[%, w] =0, w] // Flatten // Simplify;

Outcomew = %
a+c }

2
Under sequential pricing, the manufacturer sets the following wholesale price.

{w-

7M;

% /. Demand;

% /. OutcomepF;

% /. OutcomeplL;

Solve[D[%, w] == @, w] // Flatten // Simplify

a+cC
2

{w-

}

Hence, we obtain Lemma 1. Q.E.D.

Stage 2

Proof of Lemma 2

Under simultaneous pricing in the retail market, the first-order condition leads to the advertising
level 68 in (4):
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7M;

% /. Demand;

% /. OutcomepB;

% /. Outcomew;

Solve[D[%, 6] == @, 6] // Flatten // Factor;

OutcomeéB = %

e/.%;
6B = %

(a-c)?

{6%74bk@2+ﬂ

(a-c)?

_4bk(72+ﬂ

Similarly, for the sequential pricing case, the manufacturer chooses the advertising level 8° in (5):

7iM;

% /. Demand;

% /. OutcomepF;

% /. OutcomeplL;

% /. Outcomew;

Solve[D[%, ©] == @, ©] // Flatten // FullSimplify;

OutcomeeS = %

e/.%;
6es =%

(@a-c)2 (-8+ (-1+v) v (4+7))
32bk(—2+yﬂ

{6%

}

(a-c)? (—8+ (—1+y) Y (4+y))
32bk (-2+v?)

Here, we compare 6 with 6°.

6B - 6S // Factor

_(afcﬁ(—1+y)yzp+y)
32bk(—2+y)(72+yﬂ

Therefore, we obtain 6° > 6°. Q.E.D.

Here, we present the retailers’ profits in the case with simultaneous and sequential pricing as in (6)

- (8).
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7il;

% /. Demand;

% /. OutcomepB;

% /. Outcomew;

% /. Outcome6B // Simplify;

7B =%

(@a-c)* (-1+v)

16b%k (-2+v)>

{71, 72};

% /. Demand;

% /. OutcomepF;

% /. OutcomeplL;

% /. Outcomew;

% /. OutcomeeS // FullSimplify;

{nL, nF} =%

(@a-)* (-1+v) (2+v)? (-8+ (-1+¥) v (4+¥))

{ ,

1024 b2k (-2 ++2)?

. (@a-0)* (-1+v) (-4+(-2+7) y)z (-8+ (-1+v) v (4+7))

2048 b2k (-2 +2)>

}

In addition, we obtain the upstream profit and consumer, producer, and total surpluses under
simultaneous pricing are as follows.

{nM, CS, PS, TS};

% /. Demand;

% /. OutcomepB;

% /. Outcomew;
% /. OutcomeeB // Simplify;

{7MB, CSB, PSB, TSB} = %
(a-c)* (a-c)* (a-c)* (-4+3y) (a-c)* (-5+3v)

}

16b2k<—2+y)2)_16b2k<—2+y)3) 16b2k (-2+v)° ’ 16b2k (-2+v)>

Those under sequential pricing are as follows.
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{nM, CS, PS, TS};

% /. Demand;

% /. OutcomepF;

% /. OutcomeplL;

% /. Outcomew;

% /. OutcomeeS // FullSimplify;

{nMS, CSS, PSS, TSS} =%
(a-c)* <78+ (71+7(> Y (4+7{)>2

{ ,

1024 b2k (-2 +2)?

(@-C)* (-8+ (-1+y) ¥y (4+Y)) (32+y (32+v (-16+v (-20+v+3y?))))
4096b2k(—2+y2)3

(@-C)% (-8+ (-1+vy) v (4+Y)) (64+ (-2+v) v (2+v) (-4+v (17+3)))
2048 b2k (-2 +y2)?

)

2

1
4096 b2k (-2 +2)>
(@a-c)% (-8+ (-1+y) v (4+v)) (160 +v (64+y (-152+y (-52+v (35+9%)))))}

Stage 1

Proof of Proposition 1
We show the following profit ranking in (9).
mesmt<f if0.786<y<1,

<< f if 0.375< ¥ <0.786,
s <P if0<y<0.375.

First, we compare 7t with 7tt.

7wF - niL // Simplify

(a-c)* (—1+7{) ¥3 (4+37{) (—8—4y+3y2+y3>

2048 b2k (-2 +2)?

Hence, we have 7t° > 7.

Next, we consider 78 — rtt.

7B - 7L // Simplify

(@-C)* (~1+v) v? (-32+16y +48y? -8y - 18 y* +y° +vF)

1024 b2k (-2+v)? (72+72)2

The sign of 718 - 7t only depends on the term - <732+ 16y +48y2-8y>-18y* +y° +7/6).

Hence, the condition for 718 — 7t* > 0 is as follows.
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- (-32+16¥+48%2 - 8% - 18y* +¥° +¥°);
NSolve[% == @, Reals]

Plot[%%, {¥, @, 1}, AxesLabel » {y, "x®-n'"}, LabelStyle - Directive[15] ]

{{y > -4.24241}, {y > 0.785753}, {y > 1.5127}, {¥y - 3.57078}}
nf-rt

30¢
20}

10}

10t

Then, it - it > 0if y < 0.786.

Finally, we compare 718 with 7t".

7B - nF // Factor // Simplify
((a-o)* (-1+v)¥? (—128+3207{+1927{2—352y3—64y4+112y5—2y6—7y7+7(8)>/
(204802 k (-2:+%)° (-2437)°)

The sign of 718 - 7t only depends on the term
- (—128+320y+192y2—352y3—64y4+112y5—2y6—7y7+y8).

Hence, the condition for 7t — 7t* > 0 is as follows.
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-(-128+320y +192%* =352y - 64y* + 112 %° - 2y° -7y +¥°);
NSolve[% == @, Reals]

Plot[%%, {¥, @, 1}, AxesLabel » {y, "x®-n*"}, LabelStyle - Directive[15] |

{{y > -3.14907}, {y > 0.375032}}

mB-nf
100}

50}

Then, 7i® - ¥ > 0if y < 0.375.
Summarizing the above results, we obtain the profit rankingin (9).

From this profit ranking, we directly obtain Proposition 1. Q.E.D.

Here, we derive a probability x in mixed strategy equilibrium.
Solving x7t® + (1 - x) 7tt = x5t" + (1 - x) 718 for x, we obtain the following probability.

Solve[x 7B+ (1-x) 5L = xnF + (1-x) 7B, x] // Flatten // Simplify

2 (-2+9%) (-32+16y +48%2 - 833 - 184+ ¥° + ¥)

X -
{ 256 - 384y - 4482 + 4163 + 2324 - 132 %5 - 386 + 947 + 48

FInally, we compare the manufacturer’s profit and the various surplus measures under simultane-
ous and sequential pricing.
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7iMB - 7iMS // Factor // Simplify

%b”2k/ (a-c)"4;
NSolve[% == @, Reals]

Plot[%%, {¥, 0, 1}]

(@-0)% (-1+vy) ¥? (2+y) (32-18y2+¥2+ %)

1024 b2k (-2 +v)? (-2+y2)?

{{y->-4.5904}, {y->-2.}, {y—>-1.35127},
{y>0.}, {y~>1.}, {v~>1.49815}, {y > 3.44352}}

0.0030
0.0025 w
0.0020 »
0.0015 w
0.0010 w

0.0005|-

1 n n n 1 n n n 1 n n n 1

0.2 0.4 0.6 0.8 1.0

CSB - CSS // Factor // Simplify

%b”2k/ (a-c)"4;
NSolve[% == @, Reals]

Plot[%%, {¥, 9, 1}]

(a-c)*4 (—1+>{) ¥? (768+3847{—8967{2—384y3+3607{4+108y5—58y6—5y7+3y8)

4096 b2k (-2 +v)> (72+y2)3
({y > -3.63811}, {y > -1.31121}, {y > 0.}, {v > 1.})

0.0035
0.0030
0.0025
0.0020
0.0015
0.0010

0.0005
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PSB - PSS // Factor // Simplify

%b”2k/ (a-c)"4;
NSolve[% == @, Reals]

Plot[%%, {¥, 0, 1}]

(@a-c)% (-1+v) ¥? (768 - 384y - 11202 + 432 %> + 528 y* - 144 y° - 86 ¥® + 117 + 3v8)

204802k (-2+v)° (-2+?)°

{({y > -6.41887}, {y > -2.41668}, {y > 0.}, {y > 1.}, {y - 1.02436}, {y - 3.79742}}

0.0015
0.0010

0.0005

1 n n n 1 n n n 1 n n n 1

0.2 0.4 0.6 0.8 1.0

TSB - TSS // Factor // Simplify

%br2k/ (a-c)"4;
NSolve[% == @, Reals]

Plot[%%, {¥, 9, 1}]

-(((a-c)“ (-1+v) ¥ (2364—3847{—31367{2+480y3+1416y4—1807{5—230y6+177(7+97(8))/
(4@96b2k (-2+v)? (72”{2)3))

{{y > -5.11697}, {y > -2.18668}, {y > 0.}, {v > 1.},
{y > 1.31809}, {y - 1.54455}, {y - 1.66468}, {y — 3.61843}}

0.005-
0.004 w
0.003 w
0.002 w

0.001}

1 n n n 1 n n n 1 n n n 1

0.2 0.4 0.6 0.8 1.0

Therefore, we find that upstream profit and consumer, producer, and total surpluses under simulta-
neous pricing are higher than those under sequential pricing.
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4. Extensions
4.1. Third-degree price discrimination in wholesale market

Stage 4

First, we consider the case with simultaneous pricing.
In the fourth stage, the first-order condition leads to the following outcomes.

{m1/. {(Wwowl}, 72 /. {Ww->w2}};
% /. Demand;
Solve |

{D[%[[1]1, p1] =0, D[%[[2]], p2] == @}, {p1, p2}
1 // Flatten // Simplify;
OutcomepBD = %
—2wl-w2y+a (72+y+72) —2w2-wly+a <72+7/+}(2>

1 2
{p2- —4 4 y? Pee 4 4 y? }

Next, we consider the case with sequential pricing.
The follower chooses pf°(pf®) as follows.

72 /. {wWw->w2};

% /. Demand;

Solve[D[%, p2] == @, p2] // Flatten;
OutcomepFD = %

% /. {p2 - p5°, p1 - pi®, w2 > wj}

{pZ»%(aerzfawply)}

1
{pED%; (a+wj-ay+ypi®)}

The leader sets p-P as follows.
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7l /. {w->wl};

% /. Demand;

% /. OutcomepFD;

Solve[D[%, p1] == @, pl] // Flatten // Simplify;

OutcomeplLD = %

% /. {pl - pi°, wl - wi, w2 > wj}
~W2y + Wl (-2+y%) +a (-2+y+y?)

{p1- s 207 J
b -wWj y+wi (—2+7{2)+a<—2+7(+7/2)
» 2 (-2+%?) }

Stage 3

Under simultaneous pricing, the manufacturer chooses wholesale prices as follows.
(wi-c)Ql+ (w2-c)Q2-ker2;
% /. Demand;
% /. OutcomepBD;
Solve]|
{D[%, wl] == 0, D[%, w2] == 0}, {wl, w2}
1 // Flatten // Simplify

a+cC

a+C
{wle—, w2 -
2 2

}

Under sequential pricing, the manufacturer sets the following wholesale prices.

(wl-c) Q1+ (w2-c)Q2-ken2;
% /. Demand;

% /. OutcomepFD;

% /. OutcomeplLD;

Solve[

{D[%, wl] == 0, D[%, w2] == 0}, {wl, w2}
1 // Flatten // Simplify

a+c a+c
, W2 >

1
{W» ) 5

}

4.2. Timing of advertising

Case (i)

We define the following profits.
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7il;
% /. Demand;
% /. OutcomepB // Simplify;

BT = %
(a-w)?2 (—1+y) e
b (—2+7{>2

{1, m2};

% /. Demand;

% /. OutcomepF;

% /. OutcomepL // Simplify;

(nLT, nFT} = %

{

(a-w)? (—1+7/) (2+7/)29 (a-w)?2 (—1+7{) <—4—27{+7{2)29

8b -2+ ’ 16b -2+ y2)?

}

We consider profit ranking.

7FT - niLT // Simplify

(a-w)? (—1+y) ¥3 (4+3y) I}

16 b (72+y2)2

Hence, we have i7" > 7.

7iLT - nBT // Simplify

(a-w)? (—1+y> el

8b (—2+7()2 (—2+y2>

Hence, we have 717 > 7787,
Therefore, we obtain 78T < 7ttT < 7777,

4.3. Persuasive advertising

We define the following demand functions.

(a+e) Pl—xpz’ 02 > (a+e) P2—7P1}
b b (1-v) b b (1-7v)
pl-p2y a+6

- . }

Demandpa = {Q1 -

p2-ply a+6
- +

{Q1 - , Q2 >

b(1-v) b b(1-v) b
We define z5°C as follows.

zs0C =1/ (2 (2-¥))
1
2 (2-v)
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Stage 4

Under simultaneous pricing, the first-order conditions yields p8P2 as follows.

{71, 72};
% /. Demandpa;
Solve[

{D[%[[1]1, p1] == @, D[%[[2]], p2] = @}, {pl, p2}
1 // Flatten // Simplify;
OutcomepBpa = %

% /. {pl - p®?, p2 » p®?}

a+W-ay+6-y6 a+W-ay+6-vy6
{ple , P2 > }
2-vy 2-y
a+w-ay+6-vy6 a+w-ay+6-y6
{poa% )poa% }
2-vy 2-vy

Under sequential pricing, the follower chooses pfP?(p“P?) as follows.

72,
% /. Demandpa;
Solve[D[%, p2] == @, p2] // Flatten // Simplify;

OutcomepFpa = %
% /. {pl - p‘P?, p2 » p*P?}

{p2 - % (a+w-ay+ply+o-y0)}

{praei (a+w-ay+pPy+o0-vo)}

The leader sets p'P? as follows.

nil;

% /. Demandpa;

% /. OutcomepFpa;

Solve[D[%, p1] == @, pl] // Flatten // Simplify;

OutcomeplLpa = %

% /. {pl-p*}
W(-2-v+y?)+a(-2+v+y?) + (-2+v+¥?) O
2 (-2+v?)

{pl»

}

w (—2—Y+Y2) +a (—2+7/+}(2) + (—2+7{+y2) C]
2 (-2+v?)

{pra N

}
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Stage 3

Under simultaneous pricing, the manufacturer chooses the following wholesale price.

7M;

% /. Demandpa;

% /. OutcomepBpa;

Solve[D[%, w] == @, w] // Flatten // Simplify;

Outcomewpa = %

{w»l(a+c+9)}
2

Under sequential pricing, the manufacturer sets the following wholesale price.

7iM;

% /. Demandpa;

% /. OutcomepFpa;

% /. Outcomeplpa;

Solve[D[%, w] == @, w] // Flatten // Simplify

{wa§<a+c+9)}

Stage 2

Under simultaneous pricing, the manufacturer chooses the advertising level 82P2 as follows.

7M;

% /. Demandpa;

% /. OutcomepBpa;

% /. Outcomewpa;

Solve[D[%, 6] == @, 6] // Flatten // Simplify;

%/.{b- z/k};
OutcomeeBpa = %
6Bpa=6/.%;

%% /. {6 » 6%}
—-a+ C

65—
1+22(—2+7{)

}

-—a+cC

[, ——2*C
1+2z <—2+7{)

}

Under sequential pricing, the manufacturer sets the advertising level 852 as follows.
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7M;

% /. Demandpa;

% /. OutcomepFpa;

% /. OutcomeplLpa;

% /. Outcomewpa;

Solve[D[%, ©] == @, ©] // Flatten // FullSimplify;

%/.{b->z/k};
Outcome6éSpa = %
eSpa=6/.%;

%% /. {6 » 6%}
(a-c) <—8+ (—1+7{) 7{(4+7()>

(o }

-8+ (-1+y) vy (4+y) -162Z (-2+y?)

(a-c) (-8+ (-1+v) v (4+¥))
-8+ (-1+y) vy (4+v) -162 (-2+y?)

{GSpa - -

}

Proof of Lemma 3

We compare 88P2 with 6P,

©6Bpa - 6Spa // FullSimplify

Reduce[% > 0&%a > c > 0880 < ¥y <18& %z > zS0C] // Factor

2 (a-c)zy? (-2+y+v?)

(1422 (-2+v)) (8- (-1+v) v (4+v) +162 (-2+?))
1

O<y<1l&z>-——8&Cc>08a>cC
2 (-2+7v)

Therefore, we obtain 8572 > 6572, Q.E.D.

Substituting the subgame outcomes into the retailers’ profits, the profit of retailer with simultane-
ous pricing is 718P2;

il

% /. Demandpa;

% /. OutcomepBpa;

% /. Outcomewpa;
% /. OutcomeéBpa // Simplify;

%/.{z"2-bg/((a-c)"2(1-¥))} // simplify;

niBpa = %
'3
(1+2z (—2+7())2

The profits of leader and follower with sequential pricing are 712 and 7173, respectively:
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{m1, n2};

% /. Demandpa;

% /. OutcomepFpa;

% /. OutcomeplLpa;

% /. Outcomewpa;

% /. OutcomeeSpa // Simplify;

%/.{z"2-bg/((a-c)"2(1-¥))} // Fullsimplify;

{nLpa, nFpa} = %
8(2+y)2(—2+y2)§ 4(—4+(—2+7{)y)2§

{- 2 ;)

(8- (-1+v) v (4+v) +162Z (-2+v?)) (8- (-1+v) v (4+v) +162 (-2+%?))

Proof of Proposition 2

Comparing 718P2, 7tP2 and 717P2, we show the following profit ranking.

SOC

JTP2 < JTPa < grBPa i 50C < 7 < ZBF,

JTP2 < y7BP2 < rfPa if ZBF < 7 < ZBL)

I8P < TP < 1P if PP < 7 < L
First, we consider the sign of 7t7P2 — yrtP2,

nFpa - wLpa // FullSimplify

4y (4+3y) €

(8- (-1+vy) v (4+vy) +162 (-2+v?))

2
Then, we obtain 7P > 7P,

Next, we consider the sign of 7t8P2 — yrtP2,
niBpa - wiLpa // Factor // Simplify

¥ (-16-8y+9y2+6y> +y* =322 (-2+32) +3222y2 (-2+v?)) €

(1+22 (—2+y))2 (-8-4y+3y?+y?-162 (—2+7{2)>2
The sign of 7t8P2 — 71'P2 only depends on the terms in the numerator:
—16-8y+9y?+6 %  +y* =322 (-2+v%) +322% 9% (-2+%?).
Solving-16 -8y +9y2+6y> +y*-32z (—2+7/2) +32 22y (—2+y2> = @ for z, we obtain

the threshold values z® ( = zBL1) and z8" ( = zBLh) as follows.
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Solve[—16-87+972+673+74-322 (-2+72) +3222 %2 (-2+72) =0, z];

Simplify[%, © < ¥ < 1]

z/.%;

{zBLh, zBL1} = %

~8+4y?+ (~14y) (2+v)2/4-2¥2 8-4y2+ (-1+y) (2+v)%/4-2%2
o
N

87{2<—2+7{2) 87{2(—2 ¥?

{z- }}

~8+4y?+ (-14y) (2+v)2/4-2¥2 8-4y2+ (-1+y) (2+v)%~/4-232

{ ; J

87{2<—2+y2) 872<—2+y2>

SOC soc

Comparing z8" with z°°¢, we have z8 < z

zS0C - zBL1;
NSolve[% == @, Reals]

Plot[%%, {¥, 0, 1}, PlotRange - {0, 0.01},

AxesLabel - {y, "z°°°-z°"}, LabelStyle - Directive[15]]

{fy>1.})
£S0C_BL
0.010¢

0.008}
0.006}
0.004F

0.002}

0.0
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SOC__BL
0.010(

0.008}
0.006
0.004}

0.002}

0.0 0.2 0.4 0.6 0.8 1.0 Y

Next, we show z5°¢ < 8L,
zBLh - zS0C;
NSolve[% == @, Reals]

Plot[%%, {¥, @, 1}, AxesLabel » {y, "Z°"-2z°°°"}, LabelStyle - Directive[15]]

{{y~>1.}}

5BL_,SOC

80}
60f
20}

1

0.2 0.4 0.6 0.8 1.0

Hence, we obtain z8" < z50¢ < ZBL,
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Summarizing the above results, we have

TBPa > grbpa jf FS0C < 7 < FBL
yiBPa < rbpa if 2278t

Flnally, we compare 7182 with 717P2,

niBpa - nFpa // Factor // FullSimplify

v (14 (-1+42) ) (-16+42 (16+ (-8+y) ¥?) +x (-8+v (5+v))) £

(1+2z (-2+%) )2 (8- (-1+v) ¥ (4+y) +162 (-2+v?))?

The sign of 718P2 — 717P2 only depends on the terms

~(-1+(-1+42)y) (16 +4z(16 + (-8 + V) Y) + Yy (-8 + Y (5 + }))).

Solving =(-1+ (-1+42) y) (-16 +42(16 + (-8 + ) y*) + y (-8 + y (5 + ¥))) = 0 for z, we obtain two
threshold values: z% ( = zBF1) and z8F ( = zBFh).

Solve[-(-1+ (-1+4z) 7) (—16+4z (16+ (—8+7) 72) +Y (—8+7 (5+7))) =0, z]

z/.%;

{zBFh, zBFl} = %

{{Z% } {2%16+8y—572—y3
ay '’ 4 (16-8v%+y?)

1+vy

}

1+y 16+8y-5y2-+3
B
4y 4(16-8y2+y?)

{

SoC —BF

Here, we show zBF < z°9C < Z

zSOC - zBF1 // Simplify

¥ (-2+v+¥?)
4 (-2+v) (16-8y2+3)

zBFh - 250C // Simplify

“2+vy+Yy?
4 (-2+v)y
Hence, we omit the threshold value z8F ( = zBF1).

Summarizing the above discussion, we obtain the followings.

yTBPa > gfPa jf 750C « 7 < 7BF
8P < P if 22 78R,

Before obtaining profit ranking, we confirm z® < z®".
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zBLh - zBFh // Factor // FullSimplify
NSolve[% == O]

Plot[%%, {¥, 9, 1}]

2ever) [av2fasan oy [-2vofazit )

8 vy? (72+‘(2)

{({y»>-2.}, {vy->1.}}

80 -
60 -

40

1 1 1 1 1 1 1 1 T T T 1

0.2 0.4 0.6 0.8 1.0

Summarizing all the cases, we obtain the following profit ranking.

SOC

JTHP2 < JrFPa < grBPa jf SOC < 7 < ZBF,

JTP3 < 7BPa < rfP2 jf ZBF < 7 < FBL

718P2 < JThPa < grfPa if 78F < 7 < B
Q.E.D.

4.4, Cournot competition between retailers

We define the inverse demand functions.

IDemand = {plaa-M, p2->a-M}
6(1"'7) 6(1+~()
{plaa—m, pzﬁa,w}
(1+v) o (1+v) 6
Stage 4

Under simultaneous competition, the first-order condition leads to the output Q¢ as follows.
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{m1, n2};
% /. IDemand;
Solve[

{D[%[[1]], Q1] =0, D[%[[2]], Q2] == @}, {Q1, Q2}
1 // Flatten // Simplify;

OutcomeQC = %

(a-w) (1+v) 6 (a-w) (1+v) e

{Q1 - , Q2 -

b(2+7/) b<2+7()

}

Next, under sequential competition, the follower chooses QF(Q™C).

723
% /. IDemand;
Solve[D[%, Q2] == @, Q2] // Flatten // Simplify;

OutcomeQFC = %

% /. {Q1 > Q', Q2 » Q™}
-bQly+ (a-w) (1+v)6
2b

(- }

-bQ<Cy+ (a-w) (1+y)©
2b

{QFC N

}

The leader sets the following output Q'C.

nil;

% /. IDemand;

% /. OutcomeQFC;

Solve[D[%, Q1] == @, Q1] // Flatten // Simplify;

OutcomeQLC = %

% /. {Ql—)Q"C}
(a-w) (-2+y) (1+vy) 6

{Qlﬁ 2b (—2+7{2) }

c (a-w) (—2+>{) (1+y)6
{Q 2b(—2+>{2) }
Stage 3

With simultaneous competition, the manufacturer chooses the following wholesale price.
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7M;

% /. IDemand;

% /. OutcomeQC;

Solve[D[%, w] = 0, w] // Flatten // Simplify;

OutcomewC = %

}

a+c
2

{w-

Similarly, under the sequential competition, the manufacturer sets the wholesale price as follows.

7M;

% /. IDemand;

% /. OutcomeQFC;

% /. OutcomeQLC;

Solve[D[%, w] == @, w] // Flatten // Simplify

a+cC

2

{w-

}

Stage 2

Under simultaneous competition, the manufacturer chooses the level of advertising 6.

7M;

% /. IDemand;

% /. OutcomeQC;

% /. OutcomewC;

Solve[D[%, 6] == @, 6] // Flatten // Simplify;

OutcomeoC = %
% /. {66

eC=6/.%%
(@a-c)? (1+v)

{e» 4bk(2+7()

(a-c)? (1+)

{@ce
4bk (2+y)

(a-c)? (1+v)
4bk (2+>r)

Under sequential competition, the manufacturer sets 8°¢ as follows.
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7M;

% /. IDemand;

% /. OutcomeQFC;

% /. OutcomeQLC;

% /. OutcomewC;

Solve[D[%, ©] == @, ©] // Flatten // FullSimplify;

OutcomeoSC = %
% /. {66}

6SC =6 /. %%
(@a-0)2 (1+y) (-8+y (4+Y))
32bk (-2+v?)

{6»

}

(@a-)2 (1+v) (-8+v (4+7))
32bk <72+§/2)

{GSC -

}

(a-c)? (1+Y) (—8+){<4+y))
32bk (-2 +y?)

Proof of Lemma 4

We compare 8°¢ with 6°.

6SC - 6C // Simplify

(@a-0)2 (-2+v) v? (1+7)
32bk (2+v) (-2+v?)

Hence, we obtain 6°¢ > 6°. Q.E.D.

Stage 1

The profit of retailer with simultaneous competition is 71¢:

nil;

% /. IDemand;

% /. OutcomeQC;

% /. OutcomewC;

% /. OutcomeoC // Simplify;

7€ =%

(a-c)4 (1+y)2

16b%k (2+v)>

The profits of leader and follower with sequential competition are 71 and 71, respectively.
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{m1, n2};

% /. IDemand;

% /. OutcomeQFC;

% /. OutcomeQLC;

% /. OutcomewC;

% /. OutcomeoSC // FullSimplify;

{nLC, FC} = %

(- (@a-0)* (-2+v%)% (1+v)? (-8+v (4+7))

1024 b2k (-2 ++2)?

(a-c)? (1+7{>2 (-4+v (2+>{))2 (-8+v (4+7))

2048 b2k (-2++2)?

}

Proof of Proposition 3

In order to obtain Proposition 3, we show the following profit ranking.

¢ < ¢ < 1€ if ¥ <0.396,
< ¢ < 1t if y20.396.

First, we compare 71-¢ with 77°.

7niLC - nC // Simplify

(a-c)?y? (1+7/)2 (—32+167{—87{3+674+y5)

1024 b2k (2+v)> (-2++2)?

Hence, we have 71-¢ > 1€

Next, we consider 7t¢ — 717¢.

7C - nFC // Factor // Simplify

(a-c)*y? (1+7()2 (-128 + 320y + 128 y? - 288 4> - 64 y* + 64 y° + 14 y° + v/

2048 b2k (2+v)> (-2+32)°

The sign of 71¢ — 717 only depends on the terms
~128 +320y +128 % - 288> - 64 y* + 64 y° + 14 y5 + /.

Solving -128 + 320 ¥ + 128 ¥? - 288 ¥> - 64 ¥* + 64 v> + 14 v® + ¥’ < @for y, we have

| 25
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-128+320y +128%¥2-288y3 -64y* +64vy° + 14¥% + ¥7;
NSolve[% == @, Reals]

Plot[%%, {¥, 9, 1}]

{{y > ©.395954}, {y > 1.30249}, {y > 1.46532}}

50

-50

-100

Hence, we obtain 71¢ — 1€ < 0 if y < 0.396; 7€ — 717 2 0 otherwise.

Finally, we compare 7t¢ with 77<.

7iLC - 7FC // FullSimplify

(@a-0)*y3 (1+¥)? (-4+3y) (-8+y (4+7))

2048 b2k (-2 +2)?

Hence, we obtain ¢ > r17C.
Summarizing the above results, we obtain the following profit ranking.

¢ < T < T if Y <0.396,
< ¢ < 1t if y20.396.

Therefore, we obtain Proposition 3. Q.E.D.



